In this paper, we provide a comprehensive method for constructing Lax pairs of discrete Painlevé equations by using a reduced hypercube structure. In particular, we consider the A (1) 5 -surface q-Painlevé system, which has the affine Weyl group symmetry of type (A 2 + A 1 ) (1) . Two new Lax pairs are found.
Introduction
The purpose of this paper is to provide a comprehensive method for constructing Lax pairs of discrete Painlevé equations by using a reduced hypercube structure arising from ω-lattices, composed from the τ functions of discrete Painlevé equations (see [1, 2] for details). The term 'reduced hypercube structure' is used to describe periodic reduction of lattices obtained from multidimensionally consistent hypercubes (see §1c). As an example, we demonstrate the constructions of Lax pairs of the q-Painlevé equations (1.1).
Our previous work [1, 3] brought together a lattice in higher dimensions with τ -function theory and showed how a geometric reduction provided an ω-lattice leading to A (1) 5 -surface q-Painlevé equations. Here, we show how this perspective enables us to systematically construct the Lax pairs for any discrete Painlevé equations on the A (1) 5 -surface. Note that in [4] Sakai classified the discrete Painlevé equations into 22 surface types according to the configuration of the base points (i.e. points where the system is ill defined because it approaches 0/0) as the following:
2016 The Author(s) Published by the Royal Society. All rights reserved. There are possibly infinitely many discrete Painlevé equations on each surface. In this paper, we use the collective term 'A (1) 5 -surface q-Painlevé equations' for discrete Painlevé equations on the multiplicative A (1) 5 -surface. Our Lax pairs for the q-Painlevé IV equation (1.1a) and q-Painlevé III equation (1.1b) are new, while the one for the q-Painlevé II equation (1.1c) coincides with that provided in [5] . The spectral part of these Lax pairs is more regular than those from other known Lax pairs. More specifically, it satisfies Carmichael's hypotheses [6] for existence of solutions around singular points at the origin and infinity. These properties allowed Carmichael to prove the existence of solutions in a way that is considered to be the q-analogue of Fuchsian theory.
A well-known example which also satisfies Carmichael's conditions is the Lax pair for the q-Painlevé VI equation (q-P(A (1) 3 )), constructed by Jimbo & Sakai [7] . This was seen as a natural analogue of the Fuchsian nature of the Lax pair for the sixth Painlevé equation [8] . However, the Lax pairs of other q-Painlevé equations [9] , obtained by degeneration of the Lax pair for q-P(A (1) 3 ), no longer satisfy Carmichael's hypotheses: the coefficient matrix of either the highest degree or the lowest degree term in the spectral variable is singular. Our results suggest that contrary to expectation, such q-Painlevé equations may still have regular Lax pairs. We provide three examples to support this suggestion.
It is not surprising to have multiple Lax pairs for discrete Painlevé equations as multiple ones are known for each of the continuous Painlevé equations [10] [11] [12] .
(a) A (1) 5 -surface q-Painlevé equations
The q-difference equations, we study are q-P IV :f abg
In the case of q-P IV , we have the following conditions:
We note that q-P IV , q-P III and q-P II are known as a q-discrete analogue of the Painlevé IV equation [13] , that of the Painlevé III equation [4, 14] and of the Painlevé II equation [15] , respectively. Remark 1.1. It is known that q-P III (1.1b) can be reduced to q-P II (1.1c) by projective reduction [16] : b = p, q = p 2 and g = f˜.
(1.4)
In this sense, q-P II is often described as the scalar form of q-P III . Although the projective reduction is a simple specialization of the parameters at the level of the equation, the resulting equations have different type of hypergeometric solutions (see [16, 17] and references therein). In this paper, we also show that they have different Lax pairs but share the same spectral linear problem (see §1b).
(b) Main results
Our main result shows that equations (1.1) share one spectral linear problem, which takes a factorized form
Here, the non-zero complex parameters a i , i = 0, 1, 2, λ and q and the variables f i , i = 0, 1, 2, satisfy
However, the deformation problem in the Lax pairs differs for different cases in equations (1.1).
LetT IV ,T III andT SIII be deformation operators whose actions on the parameters a i , i = 0, . . . , 2, λ and q are given byT IV : (a 0 , a 1 , a 2 , λ, q) → (a 0 , a 1 , a 2 , qλ, q), (1.8a)
T III : (a 0 , a 1 , a 2 , λ, q) → (qa 0 , q −1 a 1 , a 2 , λ, q) (1.8b)
andT SIII : (a 0 , a 1 , a 2 , λ, q) → (a 0 a 2 , q −1 a 1 a 2 , qa 2 −1 , λ, q), (1.8c) while those on the spectral parameter x and the wave function φ = φ(x) are given bŷ
and
The subscripts IV, III and SIII label the deformation operators and matrices corresponding to q-P IV (1.1a), q-P III (1.1b) and the scalar form of q-P III (1.1c), respectively. Equations (1.8) and (1.9) provide us with the deformation of the spectral problem. 
respectively.
This theorem is proved in §2d. The actions (1.8) and (1.12) correspond to the q-Painlevé equations (1.1) as explained in the following remark. Remark 1.3. Equations (1.12a) and (1.12b) are equivalent to q-P IV (1.1a) and q-P III (1.1b) by the following correspondences:
respectively. Moreover, letting
and setting˜=T
we obtain q-P II (1.1c) from equation (1.12c).
(c) Background
Discrete Painlevé equations are nonlinear ordinary difference equations of second order, which include discrete analogues of the six Painlevé equations: P I , . . . , P VI . The geometric classification of discrete Painlevé equations, based on types of rational surfaces connected to affine Weyl groups, is well known [4] . Together with the Painlevé equations, they are now regarded as one of the most important classes of equations in the theory of integrable systems (see e.g. [18] ). In [19] [20] [21] [22] [23] , Adler-Bobenko-Suris (ABS) and Boll classified polynomials P, say, of four variables into eleven types: Q4, Q3, Q2, Q1, H3, H2, H1, D4, D3, D2, D1. The first four types, the next three types and the last four types are collectively called Q-, H 4 -and H 6 -types, respectively. The resulting polynomial P satisfies the following properties.
(1) Linearity. P is linear in each argument, i.e. it has the following form:
where coefficients A i are complex parameters. (2) Three-dimensional (3D) consistency and tetrahedron property. There exist a further seven polynomials of four variables: P (i) , i = 1, . . . , 7, which satisfy property (1) and a cube C on whose six faces the following equations are assigned:
where the eight variables x 0 , . . . , x 123 lie on the vertices of the cube, in such a way that x 123 can be uniquely expressed in terms of the four variables x 0 , x 1 , x 2 , x 3 (3D consistency) and moreover the following relations hold (tetrahedron property):
As these equations relate the vertices of the quadrilateral on a lattice, they are often called quadequations or lattice equations. Some polynomials of ABS type are
where α 1 , α 2 ∈ C * and , δ, δ 1 , δ 2 , δ 3 ∈ {0, 1}. Many well-known integrable P Es arise from assigning a polynomial of ABS type to quadrilaterals in the integer lattice Z 2 , for example:
discrete Schwarzian Korteweg-de Vries (KdV) equation [24, 25] :
lattice modified KdV equation [19, 24, 26] :
lattice potential KdV equation [24, 27] :
discrete version of Volterra-Kac-van Moerbeke equation [24] :
where U = U l,m , α = α l , β = β m ,¯: l → l + 1,ˆ: m → m + 1, l, m ∈ Z.
(1.23)
Throughout this paper, we refer to such P Es as ABS equations. We note that, in general, a hypercube is said to be multidimensionally consistent, if all cubes contained in the hypercube are 3D consistent (see property (2) equations to ordinary difference equations have been found through several approaches [5, [28] [29] [30] [31] [32] [33] [34] [35] . Our geometric-reduction method [1] [2] [3] 36] has shown how to obtain discrete Painlevé equations by studying geometric connections between these and ABS equations.
These equations are called integrable because they arise as compatibility conditions for associated linear problems called Lax pairs. The search for and construction of Lax pairs of discrete Painlevé equations has been a very active research area and the investigations have been carried out through many approaches. Noteworthy approaches include extensions of Birkhoff's study of linear q-difference equations [7, 37, 38] , periodic-type reductions from ABS equations or the discrete KP/UC hierarchy [5, 32, [39] [40] [41] [42] [43] [44] , extensions of Schlesinger transformations [45] [46] [47] , search for linearizable curves in initial-value space [48] [49] [50] , Padé approximation or interpolation [51] [52] [53] and the theory of orthogonal polynomials [54] [55] [56] [57] [58] [59] .
However, the construction of Lax pairs for each case in the literature has been carried out in different ways for different equations on the same surface. By contrast, in the case we study, q-P IV (1.1a), q-P III (1.1b) and q-P II (1.1c) are all obtained on the A (1) 5 -surface.
(d) Plan of the paper
The plan of this paper is as follows. In §2, we construct the Lax pairs of the P Es on the fourdimensional integer lattice. Then, we obtain the Lax pairs of the A (1) 5 -surface q-Painlevé equations from them through geometric reduction. Some concluding remarks are given in §3.
The Lax pairs of the A (1)
5 -surface q-Painlevé equations (a) The P Es on the lattice Z 4
In this section, we consider the P Es on the four-dimensional integer lattice Z 4 .
In the same way that the lattice Z 2 can be constructed by tiling the plane with squares, we construct the lattice Z 4 by tiling it with four-dimensional hypercubes (i.e. 4-cubes). We obtain P Es on the lattice Z 4 in a similar manner to the constructions of the ABS equations (see §1c). Indeed, assigning the function u and quad-equations of ABS type to the vertices and faces of each 4-cube, we obtain the following system of ABS equations:
Here, u(l) is the function on the lattice Z 4 and {α l } l∈Z , {β l } l∈Z , {γ l } l∈Z and {K l } l∈Z are complex parameters. We note that the left-hand sides of each of equation (2.1) is called H3 δ=0 (or H3 =0 δ=0 ) and the right-hand side of each of them is called D4 in the ABS classification [19] [20] [21] .
In the lattice Z 4 , there are four orthogonal directions, which naturally give rise to four translation operators. In our case, these result in actions on the variable u(l) and the parameters α l , β l , γ l , K l and lead to the transformationsT i , i = 1, . . . , 4, by the following actions:
(2.2a) In the two-dimensional slice given byT 2 andT 3 , we define the diagonal region R = ∇ (1) 
We also define the action of a staircase pathR 1 (figure 1) for one of the discrete Painlevé equations considered below:R
on the variable u(l), l ∈ R and the parameters α l , β l , γ l , K l bŷ
We define the actions ofT i , i = 1, . . . , 4, andR 1 on the infinite extension field of the complex field C, generated by {u(l)} l∈Z 4 or R , {α l } l∈Z , {β l } l∈Z , {γ l } l∈Z and {K l } l∈Z , as automorphisms. Henceforth, if a new quantity x is added, we extend the field on whichT i , i = 1, . . . , 4, andR 1 act as the automorphisms by adding the generator x. Note that throughout this paper every field is of characteristic zero. Moreover, when the field is generated by {x 1 , . . . , x k }, a mapping w ∈ T 1 , . . . ,T 4 ,R 1 acts on an arbitrary function F = F(x 1 , . . . , x k ) by the following: F(w(x 1 ) , . . . , w(x k )).
(2.6)
For convenience, throughout this paper, we use the following notation for the combined transformation of arbitrary mappings w and w :
(b) Lax pair of the system of the P Es (2.1)
In this section, we construct the Lax pair of the system of the P Es (2.1) following the method given in [60] [61] [62] .
The key to the construction of the Lax pair of the system of the P Es (2.1) is to introduce a fifth direction: Z 4 l → l + 5 ∈ Z 5 arising from the extension of the multidimensionally consistent 4cube to the multidimensionally consistent 5-cube and to regard it as a virtual direction. As a result, we obtain the following additional relations:
whereū(l) = u(l + 5 ), l = 4 i=1 l i i ∈ Z 4 and μ is the additional complex parameter. We distinguish the functionū(l) from u(l). Then, each of equations (2.8) can be regarded as the first-order discrete system of Riccati type of the quantityū(l), which is linearizable. Indeed, substitutingū
in equations (2.8) and separating numerators and denominators of the equations with the vector Ψ = Ψ (l) defined by
we obtain the following linear systems:
11b)
where l = 4 i=1 l i i and δ (i) = δ (i) (l), i = 1, . . . , 4, are arbitrary decoupling factors. The linear systems (2.11) are the Lax pair of the system of the P Es (2.1), that is, the compatibility condition of each pair of the linear systems (2.11) gives one of equations (2.1). For example, the compatibility condition ofT 1 andT 2 :T 1T2 (Ψ ) =T 2T1 (Ψ ), (2.12) gives the left-hand side of equation (2.1a) and T 1 (δ (2) )δ (1) =T 2 (δ (1) )δ (2) . (2.13) Note that we define the action of a transformation w ∈ T 1 , . . . , T 4 ,R 1 on the vector Ψ by w(Ψ (l)) = Ψ (w(l)). (2.14) (c) Geometric reduction of the P Es (2.1)
In this section, we apply the geometric reduction considered in [3] to the P Es (2.1). Moreover, we obtain the q-Painlevé equations (1.12) from the reduced P Es (2.20) . Let where a 0 a 1 a 2 = q, i = √ −1 andα,β,γ , λ, q ∈ C are parameters. By letting u(l) = h l 1 ,l 2 ,l 3 ,l 4 ω(l), (2.17) where l = 4 i=1 l i i , and imposing the following periodic condition for l ∈ Z 4 :
with the following condition of the parameters {α l } l∈Z , {β l } l∈Z , {γ l } l∈Z and {K l } l∈Z :
the P Es (2.1) are reduced to the following P Es:
, (2.20b )
Then, the actions ofT i , i = 1, . . . , 4, andR 1 on the ω-function and the parameters a i , i = 0, 1, 2, λ and q are given byT 1 : (ω(l), a 0 , a 1 , a 2 , λ, q) → (ω(l + 1 ), qa 0 , q −1 a 1 , a 2 , λ, q), (2.21a) 
In this situation, we can proceed as if the reduction acts on the lattice Z 4 , that is, the lattice Z 4 is reduced to the (A 2 + A 1 ) (1) -lattice (figure 2):
The reduction from the lattice Z 4 to the (A 2 + A 1 ) (1) -lattice with the P Es is referred to as the geometric reduction [3] .
The relations (2.20) are equivalent to the essential relations of the ω-lattice of type A (1) 5 constructed in [1] with the following correspondences:
Therefore, considering the P Es (2.20) is equivalent to considering the ω-lattice. In this case, the ω-lattice is said to have a reduced hypercube structure. This reduced hypercube structure turns out to be essential in the construction of Lax pairs for discrete Painlevé equations. As the q-Painlevé equations (1.12) are discrete dynamical systems on the ω-lattice of type A
5 as shown in [1] , we can obtain the q-Painlevé equations (1.12) from the ω-function with the essential relations (2.20) as follows. By letting
where f 0 f 1 f 2 = λ 2 , we obtain the q-Painlevé equations (1.12) with the following correspondences:
andT SIII =R 1 .
(2.26)
(d) Lax pairs of the A (1) 5 -surface q-Painlevé equations
In this section, using the linear systems (2.11) and the connection between the P Es (2.1) and the A
5 -surface q-Painlevé equations via the geometric reduction, we construct the Lax pairs of the q-Painlevé equations (1.12).
We first define the vector φ by Then, from the linear systems (2.11), we obtain the following linear systems: 
